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Abstract
A multiresolution analysis was defined by Gabardo and Nashed for which the translation set is a discrete
set which is not a group. We construct the associated wavelet packets for such an MRA. Further, from the
collection of dilations and translations of the wavelet packets, we characterize the subcollections which
form orthonormal bases for L2(R).
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1. Introduction
A wavelet for L2(R) is a square integrable function ψ such that the collection {ψjk :=
2j/2ψ(2j ·−k): j, k ∈ Z} forms an orthonormal basis for L2(R). One of the most useful methods
to construct a wavelet is through the concept of multiresolution analysis (MRA) introduced by
Meyer and Mallat. An MRA is an increasing family of closed subspaces {Vj : j ∈ Z} of L2(R)
satisfying the properties (i) ⋃j∈Z Vj is dense in L2(R) and ⋂j∈Z Vj = {0}, (ii) f ∈ Vj if and
only if f (2·) ∈ Vj+1, and (iii) there is a function in V0 whose integral translates form an or-
thonormal basis for V0. The notion of MRA and wavelets were generalized to many different
settings. One can replace the dilation factor 2 by any integer M  2. In general, in higher dimen-
sions, it can be replaced by a dilation matrix A (that is, an integer matrix with all eigenvalues
having modulus greater that 1), in which case the number of wavelets required is |detA| − 1.
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defined and studied in details the concept of a multiresolution analysis where the associated
translation set is a discrete set which is not necessarily a group. More precisely, this set is of the
form {0, r/N} + 2Z, where N  1 is an integer, 1 r  2N − 1, r is an odd integer relatively
prime to N . They call this a nonuniform MRA. We refer to [4] for the motivation and reason
for considering this specific form of the translation set and its connection to spectral pairs. As
mentioned in [4], the case N = 1 reduces to the standard definition of MRA with dyadic dilation.
The (classical) wavelet bases have poor frequency localization. For example, if the wavelet ψ
is band-limited, then the measure of the support of (ψjk)∧ is 2j -times that of supp ψˆ . Coifman,
Meyer and Wickerhauser [3] constructed wavelet packets to provide better frequency localization
for large j .
Let {Vj : j ∈ Z} be an MRA of L2(R) with scaling function ϕ and wavelet ψ . Let Wj be the
corresponding wavelet subspaces: Wj = span{ψjk: k ∈ Z}. Using the low-pass and high-pass
filters associated with the MRA, the space Wj can be split into two orthogonal subspaces, each
of them can further be split into two parts. Repeating this process j times, Wj is decomposed
into 2j subspaces each generated by integer translates of a single function. If we apply this to
each Wj , then the resulting basis of L2(R), which will consist of integer translates of a countable
number of functions (instead of all dilations and translations of the wavelet ψ ), will give a better
frequency localization. This basis is called the “wavelet packet basis.”
Taking tensor product this construction was extended to the higher dimension by Coifman
and Meyer [2]. The nontensor product version (dyadic dilation) is due to Long and Chen [6]. The
corresponding results in higher dimensions associated with a general matrix dilation and several
scaling functions were obtained in [1].
In this article we construct the wavelet packets associated with the nonuniform multiresolution
analyses. The collection of all dilations and translations of the wavelet packets defines the general
wavelet packets and is an overcomplete system. We identify the subcollections of this system
which form orthonormal bases for L2(R). We conclude this article with an example.
2. Nonuniform wavelet packets
We first recall the definition of a nonuniform multiresolution analysis (as defined in [4]) and
some of its properties. Then we will construct the associated wavelet packets.
Definition 1. Let N be an integer, N  1, and Λ = {0, r/N} + 2Z, where r is an odd inte-
ger relatively prime to N with 1  r  2N − 1. A sequence {Vj : j ∈ Z} of closed subspaces
of L2(R) will be called a nonuniform multiresolution analysis (NUMRA) associated with Λ if
the following conditions are satisfied:
(i) Vj ⊂ Vj+1 for all j ∈ Z,
(ii) ⋃j∈Z Vj is dense in L2(R) and ⋂j∈Z Vj = {0},
(iii) f ∈ Vj if and only if f (2N ·) ∈ Vj+1,
(iv) there exists a function ϕ in V0, called the scaling function, such that the system of functions
{ϕ(· − λ): λ ∈ Λ} forms an orthonormal basis for V0.
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of L2(R) by Wj := Vj+1  Vj , j ∈ Z. These subspaces inherit the scaling property of {Vj },
namely,
f ∈ Wj if and only if f (2N ·) ∈ Wj+1. (1)
Moreover, the subspaces {Wj } are mutually orthogonal, and we have the following orthogonal
decompositions:
L2(R) =
⊕
j∈Z
Wj (2)
= V0 ⊕
(⊕
j0
Wj
)
. (3)
Observe that the dilation factor in the NUMRA is 2N . As in the standard case, one expects the
existence of 2N − 1 number of functions so that their translation by elements of Λ and dilations
by the integral powers of 2N form an orthonormal basis for L2(R).
A set of functions {ψ1,ψ2, . . . ,ψ2N−1} in L2(R) is said to be a set of basic wavelets asso-
ciated with the NUMRA {Vj } if the collection {ψl(· − λ): 1  l  2N − 1, λ ∈ Λ} forms an
orthonormal basis for W0.
In view of (1) and (2), it is clear that if {ψ1,ψ2, . . . ,ψ2N−1} is a set of basic wavelets, then
{(2N)j/2ψl((2N)j ·−λ): 1 l  2N −1, j ∈ Z, λ ∈ Λ} forms an orthonormal basis for L2(R).
For a function f ∈ L1(R) ∩ L2(R), the Fourier transform is defined by
fˆ (ξ) =
∫
R
f (x)e−2πiξx dx, ξ ∈ R.
We denote ψ0 = ϕ, the scaling function, and consider 2N − 1 functions ψl , 1 l  2N − 1,
in W0 as possible candidates for wavelets. Since (1/2N)ψl(·/2N) ∈ V−1 ⊂ V0, it follows from
property (iv) of Definition 1 that for each l, 0 l  2N − 1, there exists a sequence {alλ: λ ∈ Λ}
with
∑
λ∈Λ |alλ|2 < ∞ such that
1
2N
ψl
(
x
2N
)
=
∑
λ∈Λ
alλϕ(x − λ). (4)
Taking Fourier transform, we get
ψˆl(2Nξ) = ml(ξ)ϕˆ(ξ), (5)
where
ml(ξ) =
∑
λ∈Λ
alλe
−2πiλξ . (6)
The functions ml , 0 l  2N − 1, are locally L2. In view of the specific form of Λ, we observe
that
ml(ξ) = m1l (ξ ) + e−2πirξ/Nm2l (ξ ), 0 l  2N − 1, (7)
where m1l and m2l are locally L2, 1/2-periodic functions.
It was shown in [4] that the orthonormality of the system {ψl(· − λ): 0 l  2N − 1, λ ∈ Λ}
is equivalent to the following two conditions (see the proof of Lemma 3.2 in [4]):
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p=0
{
m1l (ξ + p/4N)m1k(ξ + p/4N) + m2l (ξ + p/4N)m2k(ξ + p/4N)
}= δlk, (8)
2N−1∑
p=0
αp
{
m1l (ξ + p/4N)m1k(ξ + p/4N) + m2l (ξ + p/4N)m2k(ξ + p/4N)
}= 0, (9)
for 0  l, k  2N − 1, where α = e−πir/N . Moreover, this system forms an orthonormal basis
for V1 whenever it is orthonormal.
As mentioned in the introduction, wavelet packets are constructed by successively splitting
the wavelet subspaces into finite number of orthogonal subspaces. This splitting is done with the
help of the following lemma, whose proof is similar to that of Lemma 3.2 in [4].
Lemma 1 (The splitting lemma). Let ϕ ∈ L2(R) be such that {ϕ(·−λ): λ ∈ Λ} is an orthonormal
system in L2(R) and let V = span{(2N)1/2ϕ(2N ·−λ): λ ∈ Λ}. For 0 l  2N −1, let ml(ξ) =∑
λ∈Λ alλe−2πiλξ , where
∑
λ∈Λ |alλ|2 < ∞ so that ml(ξ) = m1l (ξ ) + e−2πirξ/Nm2l (ξ ). Define
ψˆl(ξ) = ml(ξ/2N)ϕˆ(ξ/2N).
Then {ψl(· − λ): λ ∈ Λ, 0  l  2N − 1} is an orthonormal system if and only if m1l and m2l ,
0 l  2N − 1, satisfy (8) and (9). Moreover, this system is an orthonormal basis for V if and
only if it is orthonormal.
Using this lemma, one can split an arbitrary Hilbert space into mutually orthogonal subspaces.
Corollary 1. Let {Eλ: λ ∈ Λ} be an orthonormal basis for a separable Hilbert spaceH, and ml ,
0 l  2N − 1, be as in Lemma 1 satisfying (8) and (9). Define
F lμ =
∑
λ∈Λ
(2N)1/2alλ−2NμEλ, μ ∈ Λ, 0 l  2N − 1.
Then, {F lμ: μ ∈ Λ} is an orthonormal basis for its closed linear span Hl and H=
⊕2N−1
l=0 Hl .
Proof. Let ϕ ∈ L2(R) be such that {ϕ(· − λ): λ ∈ Λ} is an orthonormal system. Let V =
span{(2N)1/2ϕ(2N · − λ): λ ∈ Λ}. Define a linear operator T from the Hilbert space V to H
by T ((2N)1/2ϕ(2N · − λ)) = Eλ. Let ψl be as in (4). Then, T (ψl(· − λ)) = F lλ. The corollary
now follows from the splitting lemma. 
2.1. Construction of the wavelet packets
Let {Vj : j ∈ Z} be a NUMRA with scaling function ϕ. Then there exists a locally L2 func-
tion m0 such that ϕˆ(ξ) = m0(ξ/2N)ϕˆ(ξ/2N), where m0(ξ) = m10(ξ)+ e−2πirξ/Nm20(ξ). Unlike
the standard situation, the existence of the wavelets (equivalently, the functions ml satisfying (8)
and (9)) is not guaranteed. It was shown in [4] that a necessary and sufficient condition for the
existence of locally L2 functions ml , 1  l  2N − 1, so that (8) and (9) are satisfied is that
the function M0, defined by M0(ξ) = |m10(ξ)|2 + |m20(ξ)|2, is 1/4-periodic. As shown in [4] this
condition is always satisfied if N = 1,2. In [5] examples of NUMRAs are given for which the
associated wavelets cannot be constructed if n 3.We will, henceforth, assume that {Vj } has this
property in order that the hypothesis in the splitting lemma holds.
B. Behera / J. Math. Anal. Appl. 328 (2007) 1237–1246 1241Applying splitting lemma to the space V1, we get functions wl , 0 l  2N − 1, where
wˆl(ξ) = ml(ξ/2N)ϕˆ(ξ/2N), (10)
such that {wl(· − λ): 0 l  2N − 1, λ ∈ Λ} forms an orthonormal basis for V1. Observe that
w0 = ϕ, the scaling function, and wl , 1 l  2N − 1, are the basic wavelets.
We now define wn for each integer n  0 as follows. Suppose that for p  0, wp is already
defined. Then define wq+2Np , 0 q  2N − 1, by
wq+2Np(x) =
∑
λ∈Λ
(2N)aqλwp(2Nx − λ). (11)
Note that (11) defines wn for all n 0. Taking Fourier transform in both sides of (11), we get
(wq+2Np)∧(ξ) = mq(ξ/2N)wˆp(ξ/2N), 0 q  2N − 1. (12)
The functions {wn: n  0} will be called the basic wavelet packets associated with the
NUMRA {Vj }, or, simply, basic nonuniform wavelet packets.
2.2. Fourier transforms of the wavelet packets
In the following proposition we obtain expression for the Fourier transform of the wavelet
packets in terms of the functions ml .
Proposition 1. Let {wn: n 0} be the basic nonuniform wavelet packets constructed above and
n = μ1 + (2N)μ2 + (2N)2μ3 + · · · + (2N)j−1μj , (13)
where 0 μi  2N − 1, 1 i  j , μj 	= 0, be the unique expansion of the integer n in base 2N .
Then
wˆn(ξ) = mμ1(ξ/2N)mμ2
(
ξ/(2N)2
) · · ·mμj (ξ/(2N)j )ϕˆ(ξ/(2N)j ). (14)
Proof. We say that an integer n has length j if it has an expansion as in (13). We use induction
on the length of n to prove the proposition.
Since w0 is the scaling function and wl , 1 l  2N −1, are the wavelets, it follows from (10)
that the claim is true for all n of length 1. Assume that it holds for all integers of length j . Then
an integer m of length j + 1 is of the form m = μ + 2Nn, where 0  μ  2N − 1, and n has
length j . Suppose n has the expansion (13). Then from (12) and (14), we have
wˆm(ξ) = wˆμ+2Nn(ξ)
= mμ(ξ/2N)wˆn(ξ/2N)
= mμ(ξ/2N)mμ1
(
ξ/(2N)2
) · · ·mμj (ξ/(2N)j+1)ϕˆ(ξ/(2N)j+1).
Since m = μ + 2Nn = μ + (2N)μ1 + (2N)2μ2 + · · · + (2N)jμj , wˆm(ξ) has the desired form,
and the induction is complete. 
The purpose of the construction of wavelet packets is to show that their translates form an
orthonormal basis for L2(R). This is proved in the following theorem.
Theorem 1. Let {wn: n  0} be the basic nonuniform wavelet packets associated with the
NUMRA {Vj }. Then
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(ii) {wn(· − λ): 0 n (2N)j − 1, λ ∈ Λ} is an orthonormal basis of Vj , j  0.
(iii) {wn(· − λ): n 0, λ ∈ Λ} is an orthonormal basis of L2(R).
Proof. We prove the theorem by induction on j . Since {wn: 1  n  2N − 1} are the basic
wavelets, (i) is true for j = 0. Assume that it holds for j . By (1) and the assumption, we have{
(2N)1/2wn
(
(2N)· − λ): (2N)j  n (2N)j+1 − 1, λ ∈ Λ}
is an orthonormal basis of Wj+1. Denote
En = span
{
(2N)1/2wn
(
(2N)· − λ): λ ∈ Λ}
so that
Wj+1 =
(2N)j+1−1⊕
n=(2N)j
En. (15)
Applying the splitting lemma to En, we get functions g(n)l , 0 l  2N − 1, defined by(
g
(n)
l
)∧
(ξ) = ml(ξ/2N)wˆn(ξ/2N), 0 l  2N − 1, (16)
such that {g(n)l (· − λ): 0 l  2N − 1, λ ∈ Λ} is an orthonormal basis of En.
Let n have the expansion as in (13). Then, using (14), we get(
g
(n)
l
)∧
(ξ) = ml(ξ/2N)mμ1
(
ξ/(2N)2
) · · ·mμj (ξ/(2N)j+1)ϕˆ(ξ/(2N)j+1).
But, the expression on the right-hand side is precisely wˆm(ξ), where
m = l + (2N)μ1 + (2N)2μ2 + · · · + (2N)jμj = l + 2Nn.
Hence, we get g(n)l = wl+2Nn. Since{
l + 2Nn: 0 l  2N − 1, (2N)j  n (2N)j+1 − 1}
= {n: (2N)j+1  n (2N)j+2 − 1},
we have proved (i) for j + 1 and the induction is complete. Item (ii) follows from the fact that
Vj = V0 ⊕ W0 ⊕ · · · ⊕ Wj−1 and (iii) from the decomposition (2). 
3. General wavelet packets
Let {wn: n  0} be the basic nonuniform wavelet packets associated with a NUMRA
{Vj : j ∈ Z} of L2(R). The collection of functions
P = {(2N)j/2wn((2N)j · − λ): n 0, j ∈ Z, λ ∈ Λ}
will be called the general nonuniform wavelet packets associated with {Vj }.
Clearly, the system of functions in P is overcomplete in L2(R). For example, (i) the subcol-
lection with j = 0, n  0, λ ∈ Λ, is the basic wavelet packet basis constructed in the previous
section, (ii) the subcollection with n = 1,2, . . . ,2N − 1, j ∈ Z, λ ∈ Λ, is the wavelet basis.
So it will be interesting to characterize the subcollections of P which form orthonormal bases
for L2(R). First, we prove several decompositions of the wavelet subspaces Wj .
B. Behera / J. Math. Anal. Appl. 328 (2007) 1237–1246 1243For n 0 and j ∈ Z, define the subspaces
Unj = span
{
(2N)j/2wn
(
(2N)j · − λ): λ ∈ Λ}. (17)
Since w0 is the scaling function and wn, 1 n 2N − 1, are the wavelets, we observe that
U0j = Vj and
2N−1⊕
m=1
Umj = Wj, j ∈ Z.
Hence, the orthogonal decomposition Vj+1 = Vj ⊕ Wj can be written as
U0j+1 =
2N−1⊕
m=0
Umj .
This fact can be generalized to decompose Unj+1 into 2N orthogonal subspaces.
Proposition 2. For n 0 and j ∈ Z, we have
Unj+1 =
2N−1⊕
l=0
Ul+2Nnj . (18)
Proof. By definition
Unj+1 = span
{
(2N)(j+1)/2wn
(
(2N)j+1· − λ): λ ∈ Λ}.
Let eλ(x) = (2N)(j+1)/2wn((2N)j+1x − λ), λ ∈ Λ. Then {eλ: λ ∈ Λ} is an orthonormal basis
for the Hilbert space Unj+1. For 0 l  2N − 1, define
F lμ(x) =
∑
λ∈Λ
(2N)1/2alλ−2Nμeλ(x), μ ∈ Λ,
and
Hl = span
{
F lμ: μ ∈ Λ
}
.
Then, by Corollary 1 we have
Unj+1 =
2N−1⊕
l=0
Hl .
Now
F lμ(x) =
∑
λ∈Λ
(2N)1/2alλ−2Nμeλ(x)
=
∑
λ∈Λ
(2N)1/2alλeλ+2Nμ(x) (since Λ + 2Nμ = Λ for all μ ∈ Λ)
=
∑
λ∈Λ
alλ(2N)
(j+2)/2wn
(
(2N)j+1x − λ − 2Nμ)
= (2N)j/2
∑
λ∈Λ
alλ(2N)wn
(
(2N)
(
(2N)jx − μ)− λ)
= (2N)j/2wl+2Nn
(
(2N)jx − μ) (by (11)).
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Hl = Ul+2Nnj and Unj+1 =
2N−1⊕
l=0
Ul+2Nnj . 
The above proposition can be used to obtain various decompositions of the wavelet subspaces
Wj , j  0.
Theorem 2. Let j  0. Then, we have
Wj =
2N−1⊕
l=1
Ulj ,
Wj =
(2N)2−1⊕
l=2N
Ulj−1,
...
Wj =
(2N)m+1−1⊕
l=(2N)m
Ulj−m, m j,
...
Wj =
(2N)j+1−1⊕
l=(2N)j
Ul0. (19)
Proof. The proof is obtained by repeated application of the previous proposition. 
Using Theorem 2 we can construct many orthonormal bases of L2(R). We have the following
orthogonal decomposition (see (3)):
L2(R) = V0 ⊕ W0 ⊕ W1 ⊕ W2 ⊕ · · · .
For each j  0, we can choose any of the decompositions of Wj obtained in (19). For example,
if we do not want to decompose any Wj , then we have the usual wavelet decomposition. On
the other hand, if we prefer the last decomposition in (19) for each Wj , then we get the wavelet
packet decomposition. There are other decompositions as well. Observe that in (19), the lower
index of Unj is decreased by 1 in each successive step. If we keep some of these spaces fixed
and choose to decompose others by using (18), then we get decompositions of Wj which do not
appear in (19). So there is certain interplay between the indices n ∈ N0 = N ∪ {0} and j ∈ Z.
Let S ⊂ N0 × Z. We want to characterize the sets S such that the collection
PS :=
{
(2N)j/2wn
(
(2N)j · − λ): λ ∈ Λ, (n, j) ∈ S}
will form an orthonormal basis of L2(R). Equivalently, we are looking for those subsets S of
N0 × Z for which⊕
(n,j)∈S
Unj = L2(R). (20)
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{Vj : j ∈ Z} and S ⊂ N0 × Z. Then PS is an orthonormal basis of L2(R) if and only if
{In,j : (n, j) ∈ S} is a partition of N0, where In,j = {l ∈ N0: (2N)jn l  (2N)j (n + 1) − 1}.
Proof. By using Proposition 2 repeatedly, we have
Unj =
2N−1⊕
l=0
Ul+2Nnj−1 =
2N(n+1)−1⊕
l=2Nn
Ulj−1 =
2N(n+1)−1⊕
l=2Nn
[ 2N−1⊕
m=0
Um+2Nlj−2
]
=
(2N)2(n+1)−1⊕
r=(2N)2n
Ulj−2 = · · · =
(2N)j (n+1)−1⊕
r=(2N)j n
Ul0 =
⊕
l∈In,j
U l0.
Therefore,⊕
(n,j)∈S
Unj =
⊕
(n,j)∈S
⊕
l∈I(n,j)
U l0.
Theorem 1(iii) can be restated as L2(R) =⊕l∈N0 Ul0. Hence, for (20) to be true, it is necessary
and sufficient that {In,j : (n, j) ∈ S} is a partition of N0. 
4. Example
In this section we give an example. This example is the analogue of the Walsh wavelet packets
associated with the Haar wavelet for the standard one-dimensional dyadic dilation.
We consider the case N = 2 and r = 1 so that Λ = 2Z ∪ (1/2 + 2Z). Let ϕ = χE , where
E = [0,1/2) ∪ [1,3/2). It is easy to see that {ϕ(· − λ): λ ∈ Λ} is an orthonormal system. Now,
let V0 = span{ϕ(· − λ): λ ∈ Λ} and Vj = {f : f (·/(2N)j ) ∈ V0}, j ∈ Z. In [4] it is shown that
{Vj } is a NUMRA which satisfies the necessary and sufficient condition for the existence of
wavelets. The associated functions ml , l = 0,1,2,3, are the following:
m0(ξ) = 14
(
1 + e−πiξ + e−8πiξ + e−9πiξ ),
m1(ξ) = 14
(
1 + e−πiξ − e−8πiξ − e−9πiξ ),
m2(ξ) = 14
(−1 + e−πiξ + e7πiξ − e8πiξ ),
m3(ξ) = 14
(
1 − e−πiξ + e7πiξ − e8πiξ ).
From this we obtain the coefficients alλ (see (4)). Since ml are trigonometric polynomials, there
are only finitely many nonzero coefficients. The coefficients are as follows:
a0λ =
{
1/4 if λ = 0,1/2,4,9/2,
0 otherwise,
a1λ =
{1/4 if λ = 0,1/2,
−1/4 if λ = 4,9/2,
0 otherwise,
a2λ =
{1/4 if λ = 1/2,−7/2,
−1/4 if λ = 0,−4,
0 otherwise,
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{1/4 if λ = 0,−7/2,
−1/4 if λ = 1/2,−4,
0 otherwise.
Using (11), we can now write down the associated wavelet packets explicitly. Each of the func-
tions wn, n 0, is of the form wn = χAn − χBn , where An and Bn are measurable subsets of R.
The corresponding sets for the first few wavelet packets are the following:
A0 = [0,1/2) ∪ [1,3/2), B0 = ∅, A1 = [0,1/2), B1 = [1,3/2),
A2 = [−7/8,−6/8) ∪ [−5/8,−4/8) ∪ [1/8,2/8) ∪ [3/8,4/8),
B2 = [−8/8,−7/8) ∪ [−6/8,−5/8) ∪ [0,1/8) ∪ [2/8,3/8),
A3 = [−7/8,−6/8) ∪ [−5/8,−4/8) ∪ [0,1/8) ∪ [2/8,3/8),
B3 = [−8/8,−7/8) ∪ [−6/8,−5/8) ∪ [1/8,2/8) ∪ [3/8,4/8),
A4 = [0,1/4) ∪ [1,5/4), B4 = [1/4,2/4) ∪ [5/4,6/4),
A5 = [0,1/4) ∪ [5/4,6/4), B5 = [1,5/4) ∪ [1/4,2/4),
A6 = [−7/8,−5/8) ∪ [1/8,3/8),
B6 = [−8/8,−7/8) ∪ [−5/8,−4/8) ∪ [0,1/8) ∪ [3/8,4/8),
A7 = [−7/8,−6/8) ∪ [−5/8,−4/8) ∪ [0,1/8) ∪ [3/8,4/8),
B7 = [−8/8,−7/8) ∪ [−5/8,−4/8) ∪ [1/8,3/8).
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